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Abstract 

We give a unified proof of the existence of turbulence for some classes of continuous interval 
maps which include, among other things, maps with periodic points of odd periods > 1, some 
maps with dense chain recurrent points and densely chaotic maps. 
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Let / be a compact interval in the real line and let / : / — t- / be a continuous map. It is 
well-known that pfl 121 131 SI IS] if (a) there exist a point c and an odd integer n > 1 such that 
/"■(c) < c < /(c) or /(c) < c < f"'{c), or (b) / has dense periodic points and P{a) ^ a for some point 
a, or (c) there is a point whose w-limit set with respect to / contains a fixed point z of f and a point 
7^ z, or (d) / is densely chaotic, i.e., the set LY{f) = {{x,y) ^ Ixl : limsup„_j.oo |/"(2;) — /"(y)| > 
and liminf„_j.oo \f^{x) — /"(i/)| = 0} is dense in J x /, then p is turbulent (and / has periodic 
points of all even periods). Since turbulent maps are known [2] to be topologically semi-conjugate, 
on some compact invariant subsets, to the shift map on two symbols which is a typical model for 
chaotic dynamical systems, these maps /^ (and so /) are chaotic. When we examine closely the 
above 4 conditions, we find that none is implied by all other three (see Figures 1 & 2). So, what 
do they have in common which make them all so turbulent? In this note, we answer this question 
by a simple result (Theorem 1) which extends Proposition 3 on page 122 of 

Let J be a compact interval in I. If there exist two compact subintervals Jq and Ji of J with 
at most one point in common such that /(Jo) H /( Ji) D JqU Ji, then we say that / is turbulent on 
J (and on /) [2]. If there exist two compact subintervals K and L of I with at most one point in 
common such that / is turbulent on K and on L, then we say that / is doubly turbulent on I. 

Theorem 1. Let f be a continuous map from I into itself and let Xq be a point in I . Then exactly 
one of the following holds: 
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Figure 1: A map satisfying (a), but none of (b), (c) and (d). 



Figure 2: A map satisfying (b), (c) and (d), but not (a). 



(A) If there exist a point c in the orbit Oj(xo) = {xq, /(xq), P{xq), • ■ ■ } of Xq and an integer n >2 
such that f"'{c) < c < f{c) or f{c) < c < f"'{c), then at least one of the following holds: 

(1) There exist a fixed point z of f and a compact suhinterval K of I such that (i) c & K , (ii) 
f'^{K) C K, (Hi) K contains no fixed points of f , and (iv) K and f{K) lie on opposite 
sides of z, in particular, the iterates of c with respect to f are " 'jumping" ' alternately 
around the fixed point z; 

(2) f has periodic points of all even periods and is doubly turbulent. 

(B) If Xi = f^{xo) for all i > 0, then either for some m > the sequence < x„ >n>m converges 
monotonically to a fixed point of f or there exist a fixed point z of f and a strictly increasing 
sequence < hq < ni < n2 < ■ ■ ■ of integers such that if Xq < Xi (if Xq > Xi then all 
inequalities below are reversed) then 

Xq < Xi < • • • < Xng — l < Xm < S^ni+l < " ' " < S^^j — 1 ^ ^na ^ ^na+l ^ ' ' ' ^ Xn^ — i < • • • < Z 
<C • • • < < • • • < < < Xn-^ — i < • • • < Xn2+1 ^ ^?i2 ^ ^ni — 1 < " " " < Xnf^-\-\ < 

and if p = linii^oo Xn2i+i O'f^d q = limj_!.oo x„2^ then p < z < q and, f{p) = q and f{q) = p. In 
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particular, xq is asymptotically periodic of period 1 or 2, i.e., there is a periodic point y of f 
with f^{y) = y such that lim„^oo |/"(2^o) - = 0. 



Proof. If the hypothesis of (A) fails, then it is clear that (B) holds. Now, assume that /"(c) < c < 
/(c) for some point c in 0/(,xo). If /(c) < c < /"^(c), the proof is similar. Let X = {/*(c) : < i < 
n — 1}. Let a = max{x G X : f{x) > x} and let b be any point in X fl [a, f{a)] such that /(6) < a. 
Then c < a. Let 2; be a fixed point of / in [a, 6] and let f be a point in [a, z] such that /(f) = b. So, 
/^('^^) = /(^) s-iid mclxic, /^(f )} <a<f<2;<6 = /("i^)- Let Zq = min{f < x < z : /^(x) = x}. 
Then /(x) > z and /^(x) < x for all f < x < zq. We have three cases to consider: 

Case 1. If /^(x) < Zq for all mini < x <v, then /^(x) < < ^ < /(•'^) for all mini < a; < ;2o- 
Let t be a point in {v,zo) such that t > f^{x) for all mini < x < t. Let K = [mini, t]. Then 
c e [mini, f] C f'^{K) C [min7,i) C /f, K contains no fixed points of /, and K and f{K) lie 
on opposite sides of z. 

Case 2. If the point d = max{min/ < x < v : f^{x) = Zq} exists and min{/^(x) : d < x < Zq} 
— s > d, then f{x) > z > Zq > /^(x) > s for all d < x < Zq. Let f be a point in {v, zq) such that 
i > /^(x) for all s < x < V. Let K — [s, i]. Then X contains no fixed points of /, K and f{K) he 
on opposite sides of z and f'^{K) C [s,t) C /T. Furthermore, for some 2 < k < n, f^^^{c) = b and 
so, /'=(c) = f{b) = /2(f) e /2(ir) C K. Consequently, /'^(c) G K. Since f{KUf{K)) CKU f{K) 
and n > k, we have /"(c) = f^~^{f^{c)) ^ K ij f{K). Since /"(c) (< c < f) < ^, this forces 
/"(c) G K. Since t G [s, t] = X and /"(c) < c <v <i, this in turn implies that c G 

Case 3. If both the point d = maxjminJ < x < v : f'^{x) = Zq} and the point Ui = minjc? < 
X < Zq : f^ix) = d} exist, then f{x) > z > Zq > f'^{x) on {d.Zo) and f'^{[d,Ui]) fl /2([mi,^o]) ^ 
[d, 2;o] = [c?, U [mi,2;o]. In particular, /^ is turbulent on [d, 2^0] C [mini, ^]. Furthermore, since 
ui — min{d < X < Zq : f^{x) — d}, we have d < f^{x) < zq on (d, iti). Let pi be any point in 
(d, Ml) such that f^{pi) = Pi- Let U2 = mm{d < x < pi : f'^{x) = Ui}. Then d < {f'^Y{x) < Zq 
on {d,U2). Let p2 be any point in {d,U2) such that {f^)'^{p2) = P2- Inductively, we obtain points 
d < ■ ■ ■ < Pn < Un < ■ ■ ■ < P2 < U2 < Pi < ui < Zq such that M„ = mm.{d < x < Pn-i '■ (/^)"~^(a^) = 
ui}, d < {f^y{x) < Zq on {d,Un) and {f'^y\pn) = Pn- Since f{x) > z > zq on {d,ZQ), we have 
f^{Pn) < Zq < f^{pn) for all cvcu i and all odd j in [0, 2n]. So, each p„ is a period-(2n) point 
of /. This confirms that / has periodic points of all even periods. Finally, since d is the largest 
point in [mini, 2:0) such that f'^{d) = Zq, f must map the endpoints of [d,ZQ] into the endpoints 
of f{[d,ZQ]) and no points x in {d,ZQ) can satisfy f{x) = f{d) or f{x) = /(-Zq)- Consequently, if 
f{d) > f{zQ) (if f{d) < f{zQ), the proof is similar), then f{[d,zo]) = [/(^o), /(c^)] and, for some 
s < d, f{{f{zQ),f{d)) = f^{{d,ZQ)) = [s,zq) D [d,zo). Let e be a point in {f{zQ),f{d)) such that 
/(e) = d. Then P{[f{zQ),e]) H P{[e,f{d)]) D [/(^o),/(rf)] = [/(^o),e] U [e,f{d)]. Furthermore, if 
fid) = f{zo) and/([d,Zo]) = [rJid)] for some point r > z (if /(rf) = /(^o) and /([d, 2:0]) = [/(ci),r], 
the proof is similar), then since f{[r,f{d)]) = f'^{[d,ZQ]) D [c?, 2:0], there exists a point u in [r, /(c?)) 
such that f{u) = d. Since f'^{[u, f{d)]) D /([ci, 2:0]) = [r, /(d)], there exists a point w in {u,f{d)) 
such that /2(^f ) = r. Therefore, /^([li, «;]) n f\[w, f{d)]) D [r, f{d)] D [li, /(d)] = [u, w] U [«;, /(d)]. 
In either case, /^ is turbulent on [z, max/]. This, combined with the above, shows that /^ is doubly 
turbulent on 7. □ 



3 



In Pait(A)(l) of the above result, the compact interval K is not an ordinary one. It is one with 
the following 4 properties that (i) c & K; (ii) P{K) C K\ (iii) K contains no fixed points of /; 
and (iv) f\K) fl K = 0. By choosing the appropriate point c, it is the violation of one of these 
properties that establishes the following result in which (2) and (4) are generalizations of (b) and 
(d) above respectively. 

Corollary 2. Each of the following statements implies that f has periodic points of all even periods 
and is doubly turbulent: 

(1) There exist a point c and an odd integer n > 1 such that f"'{c) < c < f{c) or f{c) < c < f"'{c), 
in particular, f has a periodic point of odd period > 1; 

(2) The chain recurrent points of f are dense in I and f'^{a) ^ a for some point a in I (recall 
that a chain recurrent point is a point x which satisfies that for every 5 > there exist a 
finite sequence of points Xi,0 < i < n such that xq = x = Xn and \ f{xi) — < e for all 
< i < n — 1. Note that if xq is a chain recurrent point of f with f{xo) < xq (f{xo) > xq 
respectively), then by discussing the three cases similar to those three in the above proof of 
Theorem 1 with xq replacing zq, we can obtain (see Lemma 32 on page 150 of a point c 
such that f{c) < c < f'^{c) = Xq (xq = (c) > c > f{c) respectively)); 

(3) The u-limit set Uf{b) of some point b in I contains a fixed point z of f and a point ^ z; 

(4) There is a point in I which is not asymptotically periodic of period 1 or 2 and the set {{x, y) : 
lim inf „_5.oo \f^{x) — f"'{y)\ = 0} is dense in I x I, in particular, f is densely chaotic; 

(5) There is a point c in I such that 

limsup |r(c) - r+^(c)| > and liminf |r(c) - r+^(c)| = 0. 

The following result can be proved similarly. 

Theorem 3. // there exist a fixed point z of f and a point c of I such that f{c) < c < z or 
z < c < f{c), then at least one of the following holds: 

(1) f has a proper compact interval J in I such that c & J , f{J) C J and z ^ J; 

(2) f is turbulent and has periodic points of all periods. 

Consequently, if (1) there exist a fixed point z of f , a point c of I and an integer n > 2 such that 
f{c) < c < z < f^i^c) or, f^i^c) < z < c < f{c), or {f{c) - z)/{c - z) > 1 and z G W/(c); or (2) 
the chain recurrent points of f are dense in I and f has at least two fixed points and f{a) a for 
some point a in I , then f is turbulent and has periodic points of all periods. 
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